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Low-Thrust Mission Analysis Using an Analytical
Trajectory Optimization Model
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This paper uses an Analytic Trajectory Optimization Model (ATOM) to develop efficient
computational techniques for the use in the early phase of low-thrust mission analysis. The
validity of the expression for burning time from ATOM is extended over the full acceleration
range, from impulsive to continuous burning. The computational techniques are demon-
strated in two problems: 1) the selection of propulsion system parameters for maximum pay-
load and 2) the optimization of the "mix" of high-thrust chemical boost and low-thrust elec-
trical propulsion.

Introduction

DEVELOPMENT of electric propulsion system hardware
has reached the point where the feasibility of these sys-

tems for primary spacecraft propulsion has been established.
Determination of their future role, however, depends as much
on software technology as on hardware technology. Indeed,
at the present time, software may be the pacing item. A
crucial need in the early phase of mission analysis is for
computational techniques and programs that are capable of
generating large amounts of data economically and with suf-
ficient accuracy to study basic mission design and spacecraft
tradeoffs. For chemical rockets, such programs, based on the
impulsive or ballistic approximation, are available; for low
thrust systems, trajectory calculation is more difficult and the
interaction with vehicle parameters more complex. In Refs.
1-3, an Analytic Trajectory Optimization Model (ATOM)
is developed which, as its name implies, uses an approximate
analytic solution to simulate low-thrust trajectories. With
this solution, the numerical integration of trajectories can be
eliminated for preliminary mission analyses, and the resulting
computing times are equivalent to those required for Impul-
sive trajectories. Accuracy is well within that required for
preliminary analysis.

In this paper, ATOM is reviewed briefly with an emphasis
on its role in the mission analysis process. In addition, an
improvement in the expression for the burn time given in
Refs. 1 and 2 is presented, which extends the validity over the
full acceleration range, from impulsive to continuous burning.
The use of ATOM in mission analysis is demonstrated for two
problems: 1) the selection of propulsion system parameters
for maximum payload and 2) the optimization of the "mix"
of high thrust-chemical boost and low-thrust electric propul-
sion. Analytic results are compared with numerical solutions
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from an integration-optimization program and agree within
5% for the missions considered.

Modeling of Vehicle Mass Components

In order to perform the mission analysis, it is necessary to
model the various mass components which comprise the ve-
hicle. The payload mass can be expressed in terms of the
component masses of the spacecraft: mn — mQ — .mp —
mps — mt, where mn = payload mass, ra0 = initial mass, mp =
fuel mass, mps = propulsion system mass, and mt — tankage
mass. A common convention is to assume the tankage mass
proportional to fuel; i.e., mt — ktmp. Using this assumption,
the expression for payload mass becomes

— mp(l + kt) — mp (i)
Thus there are three components of mass for which mathe-
matical models must be developed.

The first of these is the initial mass which is primarily a
function of the hyperbolic excess velocity provided by the
chemical launch vehicle

WQ = WO(UA) (2)
Mathematical models for various launch vehicles have been
developed and are usually presented in graphical form.4

Figure 1 shows a curve for the SIB/Centaur.
The second mass component which must be modeled is the

propulsion system mass. mps is a function of the initial thrust
acceleration a0 (initial thrust/mass ratio) and the jet exhaust
velocity v, (or, equivalently, specific impulse):

Although there are many parameters involved in the design of
a nuclear electric propulsion system, the only parameters
which affect propellant consumption are a0 and t;/; all other
parameters should be chosen to minimize mps.

Modeling the propulsion system mass accurately over a
wide range of parameters is a difficult task and much research
remains to be done. A common, simplified model assumes
that propulsion system mass is proportional to raw power at
the terminals of the power supply:

aP

and thus
(4)
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where rj is an efficiency factor. At any rate, the ATOM can
be used with either the simplified model or more realistic
models as they become available.

The analytic solution developed in this paper is a mathe-
matical model of the propellant mass expended on a trajec-
tory in which the thrust-time history has been optimized (to
minimize propellant). By using only optimum thrust pro-
grams, the propellant mass is reduced to a function of three
variables§:

mp (5)

In addition to the function itself, the derivatives dmp/d^,
drap/dao, and dmp/d^- can be determined. These derivatives
are necessary when one desires to determine the propulsion
parameters to maximize the payload.

In the past it has been necessary to numerically integrate
trajectories to determine mp for each set of values of a0, vh,
Vj. Over the range in which ATOM is valid, one can deter-
mine mp (and its derivatives) for all values of these propulsion
parameters by finding the optimal impulsive trajectory and
solving a set of matrix equations; thus, all trajectory integra-
tion can be eliminated which, in turn, can save an enormous
amount of computer time.

Equations of Motion and Necessary Conditions

Three distinct cases are considered in the development of
the solution. In order of decreasing analytic complexity, they
are 1) bounded thrust, 2) bounded acceleration, and 3) im-
pulsive.

The equations of spacecraft motion for the bounded-thrust
case can be written

F\/m
(6)

m = -

where g is the gravity vector, F is the thrust magnitude, v is a
unit vector in the thrust direction, and v, is the jet exhaust
velocity. Since the thrust is bounded, we have 0 < F <
atfriQ, where a0 is the initial thrust-acceleration. Necessary
conditions for an optimal trajectory are stated in terms of the
adjoint vector. The differential equations for the adjoint
vector can be written

^ = G^, 0- = Tp/m* (7)

where i]r is the "primer vector7' (the adjoint variables as-
sociated with velocity) and a is the adjoint variable associated
with mass, p — |̂ | is the magnitude of the primer vector.
In terms of the switch function S, S = p — vm/Vj, the neces-
sary conditions are

F = a0m0 if S > 0 (maximum thrust)
(8)

F = 0 if 8 < 0 (coast)

The thrust direction must be aligned with the primer vector

v = ifc/p (9)

The bounded-acceleration case can be thought of as the
limiting case of a bounded thrust as Vj-* °° . In this case, the
optimization criterion can be written as

where n is the burn time. Mass need not be included as a
state variable. This is a very useful approximation for low-
thrust systems which have high exhaust velocity and in which
the mass is, indeed, almost constant. Secondly, since it in-
volves only one propulsion parameter, the maximum accel-
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Fig. 1 Launch characteristics of the SIB/Centaur.

eration (ao), the solution is more tractable and provides a con-
venient step toward the more difficult bounded-thrust case.
The equations of motion are

= g(r) + av (10)

Thus

where the thrust-acceleration is bounded, 0 < a < a0. The
necessary conditions are analogous, and the switch function
simplifies to

S = p - 1 (11)

p > 1 (maximum acceleration) (12a)

a = 0 p < 1 (coast) (12b)

Again, the thrust-acceleration is aligned with the primer vec-
tor and the differential equations for the primer vector are the
same as Eq. (7).

The impulsive case is the limit of both bounded-accelera-
tion and bounded-thrust cases as ao -> °° . The optimal con-
trol is now a series of velocity impulses and the optimal tra-
jectory a sequence of intersecting conic arcs. The neces-
sary conditions can again be stated in terms of the primer
vector: at impulse points p = 1 and the impulse is applied in
the direction of 3t; at all other points p < 1. The differential
equations for the primer are again given by Eq. (2). These
necessary conditions are also the limiting case of those cited
for the bounded-thrust and bounded-acceleration cases.

Form of the Solution

The approach used by ATOM is to develop the finite-thrust
trajectory as a mathematical expansion about the optimal
impulsive trajectory which satisfies the same boundary condi-
tions.

In the case of bounded acceleration, both the position and
primer vectors along the optimum finite-thrust trajectory are
expanded in series in 1/ao*.

f . . . (13a)x =

(13b)

Superscript 0 stands for the impulsive case, and superscripts
1, 2, etc. denote higher order corrections; thus, both x and 3i
approach their impulsive values as a0 -> °° .

In order to be able to meet the switching conditions on the
magnitude of the primer vector, it is also necessary to expand
each thrust interval in series :

rk = (A7*/ao) (14)

§ Or four variables if a chemical retro is used for capture.

where AVk is the fcth velocity impulse on the impulsive tra-
jectory, Tfc (2 ) and Tfc (3 ) are corrections due to finite thrust time
(from these corrections, the burn duration losses or so-called
"gravity losses" can be calculated). Note that rk — > 0 and

as
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SOLUTION SURFACE PROVIDED BY ATOM

Fig. 2 S is the solution surface provided by ATOM.

The series (13) and (14) are substituted into the differential
Eqs. (7) and (10) and the results made to satisfy the required
boundary conditions. Integrating across each burn and then
equating powers of l/a0 produces a system of matrix equations
for each power.

For the bounded-thrust case, the series corresponding to
Eqs. (13) and (14) are expanded in terms of two variables,
I/OQ and l/Vj. For example, the expansion of the thrusting
intervals takes the form

1
Tk = ——aQ

J_

Vf
(15)

There are no terms of the form 1/v/, since the solution must
approach the impulsive case as a0 -* °° irrespective of the
value of Vj. As Vj -> °° , the solution approaches the bounded-
acceleration case. Indeed, the terms in 1/W are the same as
in the bounded-acceleration case; i.e., Tfc ( 2 > 0 ) = Tfc (2) from Eq.
(14), etc. Thus, solving the bounded acceleration case is in-
cluded in solving the bounded-thrust case. Although there
are more terms in the bounded-thrust case, the solution fol-
lows the same pattern as before. Full details appear in Ref . 2.

Once the expression for the total burn time r& = 2kTk is
known, the propellant mass fraction /x(= mp/mo) can be ex-
pressed in terms of ao and Vj\ bounded-acceleration case;

/* = 1 — exp(— (16)

bounded-thrust case;
IJL = rhTb — aoTb/Vj (17)

A graphical representation of the solution given by ATOM
is shown in Fig. 2. The total engine thrusting time is plotted
(on the vertical coordinate) as a function of l/a0 and l/i;/.
The bounded-acceleration case is along the l/a0 axis (I/
Vj = 0); the impulsive case is along the l/Vj axis (l/a0 = 0).
The latter is a "level line," since the impulsive solution is in-
dependent Of Vj.

An Improved Expression for the Burn Time

The accuracy of the ATOM is best for high thrust levels,
since it is an expansion about the impulsive case. Accordingly,
one would expect the accuracy to decrease for lower thrust
levels. Indeed it does, however, a slight modification can be
made in the expression for burn time (r&) that greatly im-
proves its accuracy at low thrust levels.

For the case of constant thrust acceleration, a sketch of total
burn time vs l/a0 is shown in Fig. 3. T is the prescribed total
trip time and a0* is the thrust level corresponding to contin-
uous burning. The important thing to note is that the slope
of the curve is infinite at l/oo*. A polynomial such as Eq.
(14) cannot describe this behavior (unless an infinite number
of terms are used).

Much insight can be obtained by considering the problem
of a one dimensional fixed-time transfer between two points
in field-free space such that the velocity at each terminal
point is zero. If the distance between the two points is d
and the prescribed transit time is T, then the total impulsive
velocity increment is AF = 2d/T. The velocity profile is
shown in Fig. 4a. If the thrust-acceleration is bounded the
velocity profile is as shown in Fig. 4b; it is necessary to ac-
celerate to a higher velocity in this case to make up for the
finite burning time.^ The expression for the velocity incre-
ment in this case is

A7a = 2A7CO/1 + (1 - 2AFco/VF)1/2

where a0 is the magnitude of the thrust-acceleration. The
expression for the burn time can be written

where AVm is the impulsive velocity increment and T is the
transit time. The lowest value of thrust-acceleration, which
will accomplish the transfer in the prescribed transit time, is
a* = 2AF00/Tr. The corresponding velocity profile is shown
in Fig. 4b. When the expression for rb [Eq. (18)] is plotted

RECIPROCAL OF THRUST ACCELERATION

Fig. 3 Burn time vs reciprocal of thrust acceleration.

VELOCITY

1/2 AVm

1/2 AVQ
1/2 AV^

Fig. 4 a) One-dimensional, field-free impulsive thrust
and b) one-dimensional, field-free finite thrust.

^ This is the real source of what are known as "gravity losses.'7
Since they occur in field-free space, a better term would be "burn
duration losses."
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vs I/a, a curve of the form shown in Fig. 3 results, including
the infinite slope at I/a*.

By analogy with the field-free case, it is assumed that the
total burn time can be written in the form

Tb JL
a0

2 (19)

for the bounded-acceleration case, and

|1Lr , -r | i - | i - -H
«o

J7(2,0) (20)

for the bounded-thrust case. The coefficients T(0il), T(1>1)

etc. are determined by fitting the curve defined by Eq. (19)
or Eq. (20) to that defined by Eq. (15) at the point l/a0 = 0,
where rb = 0, and all the derivatives with respect to a0 and
Vj are known.

Even with a finite number of terms, the expressions (19)
and (20) have the correct behavior at l/a0*, where the ap-
propriate value of l/a0* is the smallest positive root of

(21)

The corresponding expression would be used for the constant-
acceleration case.

It should be recognized that the actual curve of n vs 1/«0
does not have exactly the square root behavior predicted by
Eqs. (19) and (20). Likewise, the value of l/a0*, which re-
sults from solving Eq. (21), is an approximation. However,
in the cases examined so far these have proved to be ex-
tremely good approximations and represent a vast improve-
ment over Eq. (15). In these cases this technique has resulted
in an error in total time of less than 4% at the continuous
burning acceleration (l/a0*) for large values of v}-. The error
is defined as the difference between the ATOM solution and a
solution from a numerical integration program. The error is
substantially reduced as aQ is increased. Typical results are
shown in Fig. 5 where percent error in total burn time is
plotted vs 1/flo for a 192-day, 135° Earth-Mars transfer
(bounded acceleration).

Similar results for a bounded-thrust case are shown in Fig.
6. Here contours of constant error in burn time are plotted
on a l/Vj — l/a0 map for the same mission as used in Fig. 5.
The difference between Eq. (20) and the numerical solution is
shown in solid contours; the difference between Eq. (15) and
the numerical solution is shown in dashed contours. Notice
that the accuracy of ATOM has been extended to higher
values of l/a0.

Perhaps the most important improvement resulting from
this technique is the increased accuracy with which the de-

2.0 3.0 4.0 5.0
NORMALIZED UNITS, I/Q0

Fig. 5 Error in total burn time (Earth-Mars transfer
192-days, 135°, Fy-* «).

Fig. 6. Difference between ATOM and a numerical in-
tegration solution of propellant mass requirements

(Earth-Mars 192-Days, 135° coplanar rendezvous).

rivative dju/da0 can be determined. This is an important
derivative in optimizing payload as will be seen in the follow-
ing section. Using Eq. (15), the accuracy in d/z/da0 is com-
parable to that of 1/ao*. In Fig. 7 a comparison of d/i/da0
as calculated by using the power series solution, the improved
technique and the numerical solution is shown for the Earth-
Mars mission previously discussed.

Applications
The usefulness of the analytic solution for preliminary de-

sign and mission optimization is a result of the analytic ex-
pressions for propellant mass fraction [Eqs. (16) and (17)].
The derivatives of /z with respect to a0 and Vj are obtained by
simply differentiating these expressions. The derivative of /z
with respect to vh is d/i/dt;* = p(0), where p(0) is the mag-
nitude of the primer vector at t — 0. (This expression, which
depends upon proper scaling of the adjoint variables, can be
derived from the transversality equation.)

In the examples which follow it should be noted that, when
the analytic solution is applied to a given mission, results are
obtained for all values of v3- and «0 (within the range of validity
of the solution). Although iteration is required to determine
optimum values of these parameters, no recalculation of the
trajectory is required. When vh is included as one of the in-
dependent variables, it is necessary to iterate the solution of
the adjoint vector and the ATOM matrix equations. A
straightforward method of iteration is included in the Ap-
pendix. By contrast, using a numerical integration-optimiza-
tion program, one must recalculate the entire trajectory for
each set of values of a0, vy; and vn.

The first example is the problem of determining the "mix"
between high-thrust boost and low-thrust electric propulsion
so as to maximize payload. Bounded acceleration is assumed
for this example. Using the spacecraft mass model discussed

NORMALIZED UNITS.

d(l/Q0) 4.0

———— IMPROVED SOLUTION
—— _ POWER SERIES SOLUTION

V:-I.O NORMALIZED UNITS

2.0 3.0 4.0 5.0
NORMALIZED UNITS, l/po

Fig. 7 Derivative of propellant mass requirement.
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Fig. 8 Graphical solution for find-
ing optimum Vh.
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previously,

mn = ra0 1 — — aP/rj (22)

It hs been assumed that mps = aP/7j and the power level (P)
and efficiency (77) are given.

The problem is to determine the value of the hyperbolic
excess velocity (vh) (i.e., the amount of high-thrust boost)
which maximizes the pay load mn. m0 is a function of vh as
given by a launch vehicle capability curve (e.g. Fig. 1 for the
Saturn IB/Centaur). The propellant mass fraction for the
low-thrust system (ju) is also a function of VH. The optimum
value of vh is determined by setting the derivative of Eq.
(22) equal to zero, giving

where

v = -

kt)

- fo - (aP/rj)]

(23)

The derivative dw0/d^ is determined from launch vehicle
performance data. The only unknowns are /z and d/z/di^
which are determined by ATOM.

Equation (23) is a nonlinear algebraic equation for vh which
can be solved graphically by the method of the Appendix.
The solution for a 252-day Earth-Mars mission is indicated in
Fig. 8. A performance curve, bwo/dt^, is plotted for the
Saturn IB Centaur and, on the same grid, a line representing
m0/j>(l + kt)diJL/dVh. The intersection of these curves is the
solution of Eq. (23) . Table 1 summarizes the results.

The second example is the optimization of two propulsion
parameters, a0 and Vj, for maximum payload, in the constant
thrust case. Here, Vh is assumed fixed so that maximization
of the payload fraction (v) is the same as maximization of the
actual payload. Payload fraction is written

v = I - /i(l + kt) - P/WO

The optimum values of a0 and v3- are determined by simultan-
eous solution of the nonlinear equations, dj>/da0 = 0, d*>/
&Vj = 0, where both the power level (P) and the propellant
fraction (/z) are functions of ao and v3-:

rb = aQVj/2r)

Table 1 Optimization of t?&

Boundary conditions (two dimensions)
Launch from Earth: Dec. 6, 1979
Arrive at Mars: July 18, 1980
y = 0.6 kt = 0.06 a = 0.01 kg/W
P/m0 = 20 W/kg Vj = 30,000 m/sec a = 0.00133

m/sec2

Impulse at Mars: 1906.1 m/sec Optimum vh (analytic)
3000 m/sec (numerical) 3014.7 m/sec

Percent difference 0.005%

Tb is determined as a function of a0 and v3- from Eq. (21).
Table 2 compares the analytic results for a 192-day 135°

Earth-Mars coplanar rendezvous mission to numerical re-
sults obtained from the TOPCAT Program.4 The two
methods differ by less than 3.5%. The analytic solution,
however, required approximately two orders of magnitude
less computer time.

The two examples previously stated can be combined to
give an overall mission optimization with respect to electric
propulsion parameters (ao,Vj) and hyperbolic excess velocities
(at arrival and departure).

Conclusions

Using the Analytic Trajectory Optimization Model
(ATOM), low-thrust trajectories (of sufficient accuracy for
preliminary analysis) can be calculated with computing times
comparable to that of impulsive trajectories. A modification
of the expression for total burn time (Eq. 20) increases the
accuracy of ATOM so that it can be used over the full range
of thrust levels, from impulsive to continuous thrusting.

Once the optimal impulsive trajectory has been found and
the ATOM equations solved, analytic expressions for the
propellant mass fraction and its derivatives with respect to
a0, VH, and Vj are available. Also available are thrust pointing
directions and thrust on-off switching times. Optimum
values of the propulsion parameters can then be determined
by the iterative solution of nonlinear algebraic equations.
(The determination of the derivative d/z/dt^ does require re-
solving the adjoint vector and the ATOM matrix equations.)

The accuracy of these results has been found to compare
favorably with the solution of a numerical integration pro-
gram which requires far more computing time. Two examples
are included to illustrate this.

Appendix

Varying the value of vh, the hyperbolic velocity, changes the
initial velocity increment on the impulsive trajectory and
thus changes the adjoint vector and the ATOM matrix equa-

Table 2 Optimization of Vj and ap_________

Boundary Conditions (two-dimensional Earth-Mars simulation)
Trip time: 192 days Travel angle: 135°
77 = 1.00, kt = 0.0, a = 0.01 kg/W .
Impulse at Earth: 3,835 m/sec Impulse at Mars: 3,250

m/sec
Optimum a0 (analytic) 1.142 10~4 g

(numerical) 1.015 10 ~4 g
Percent Difference 3.23%
Optimum v3- (analytic) 38,140 m/sec

(numerical) 37,831 m/sec
Percent Difference 0.82%
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tions. For optimality, it can be shown that it is necessary
that VH be directed in the direction of the initial primer vector,
A(0).

A simple procedure to allow variations in vh follows:
1) Determine the optimum impulsive trajectory for

vh = 0. The initial velocity v(0) = vd(0), the orbital velocity
of the departure planet.

2) Solve the impulsive adjoint equations and the ATOM
matrix equations. (Analytic solutions for both are known.)

3) Optimize aQ and vy-.
4) Compute the finite thrust value of X(0).
5) Based on the magnitude of A(0), estimate the optimal

value of vh.
6) Consider the initial velocity to be t;(0) = Vd(0) +

.
7) Return to step 2 and repeat until convergence is ob-

tained.
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An Approximate Method for Nonlinear
Ordinary Differential Equations
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A general method is derived for solving problems related to nonlinear, ordinary differential
equations with variable coefficients. It consists of subdividing the domain into small regions
in which the governing nonlinear differential equation with variable coefficients is reduced to
a nonhomogeneous, linear, ordinary differential equation with constant coefficients, one for
each region. The solution of the original problem is then taken as the collection of the
general solutions of all subdivisions. The arbitrary constants of the complementary solution
associated with each region are used to satisfy both the continuity requirements at regional
boundaries and the initial or end conditions. The particular solutions compensate for the
difference between the desired nonlinear solution and the resulting linear complementary
solution. Two versions of the present method are presented. One which is more accurate
requires the preparation of a computer program ab initio for each problem treated while the
other can be written as a subroutine for general applications. Both versions provide an
approximate, continuous solution with accuracy comparable or possibly superior to some
commonly used numerical methods. A nonlinear initial-value problem of time-dependent
coefficients and a nonlinear deflection of a variable flexible ring were analyzed.

Nomenclature
A(t) = time-dependent cross-sectional area of column
Ai,j. = deflectional amplitude, Eq. (57)
Aj.yBj — vibratory amplitudes, Eq. (24)
E = Young's modulus
F ( t ) = deflection function, Eq. (5)

' I ( t ) = time-dependent moment of inertia
7o = moment of inertia at t — 0, Eq. (9b); also at s = vr/2,

Eq. (37)
Ki,Ks = spring constants of nonlinear foundation, Eq. (53)
L = length of column fixed between ends
P = pulling force on ring, Fig. 2; also axial force, Eq. (53)
P(t) = variable axial compresslve load
PE — Euler buckling load of column at time t
PQ = initial axial load on column
R = radius of ring
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T = period of oscillation, real time, Eq. (36)
aj,bj,Cj = constants, Eq. (22)
6 = amplitude, Eq. (5); constant related to moment of

inertia, Eq. (37)
citj- = constant coefficients of differential equations, Eq. (55)
Qi.j — functions, Eq. (60)
k = constant, Eq. (9a); also Eq. (39)
p = one-half of the pulling force on ring, P/2
pitj = roots, Eq. (59)
qi,j = functions, Eq. (60)
r0,n- = outer and inner radii of cylinder, Eq. (34)
s = nondimensional circumferential length of ring, true

length/ft
$j = midpoint value of s, (sj -\- sy_i)/2
t = time
v = total number of intervals or subdivisions
w = additional deflection of beam-column, Eq. (53)
x = coordinate
y = lateral deflection, Eq. (1); dependent variable, Eq.

(62)
(3 - ratio of inner and outer radii of cylinder, Eq. (13)
dh,5 v = horizontal and vertical displacements of ring, Eqs. (51)

and (52)


